The continuous development of spinning projectiles and other industrial applications has led to the need to understand the laminar boundary-layer flow and subsequent onset of transition over the general family of rotating spheroids.
Introduction
The stability of the rotating-sphere boundary layer was first investigated theoretically by Taniguchi, Kobayashi & Fukunishi [11] and later by Garrett & Peake [8] [9] [10] . In each investigation the onset of convective instability was studied and associated with the experimentally observed appearance of spiral vortices within the boundary layer (see [12, 13] for example). In this paper we extend the methods of Garrett & Peake to investigate the onset of convective instability within the boundary-layer flow over a prolate spheroid rotating in an otherwise still fluid.
Garrett's [8] analysis of the rotating-sphere boundary layer begins by using the series solution due to Howarth [2] , Nigham [3] and Banks [4] . It is therefore natural that we begin in a similar way. This paper should therefore be considered a preliminary study as the laminar-flow equations at particular latitudes are solved by extending the series-solution method. Work is currently underway on a more accurate numerical solution of the laminar flows, and associated stability analyses will be published at a later date. For completeness, the laminar-flow formulation is presented here for both the prolate and oblate families of rotating spheroids, however the convective instability of just the prolate-spheroid boundary layer is considered.
To our knowledge the only published work on the lami-nar boundary layer over a rotating spheroid is due to Fadnis [1] who extended the Nigham series solution for the rotating sphere. However, Banks has since showed a flaw in Nigham's solution and this follows through into Fadnis's work. Indeed, the formulation used is such that the results cannot be verified against the laminar-flow profiles already established for a rotating sphere, which is, of course, a particular case of spheroid.
In § §2 & 3 we formulate and solve the laminar boundarylayer flow over rotating spheroids of both types using a method consistent with the Banks series solution. Separate coordinate systems are used for each spheroid family and we define an eccentricity parameter to distinguish particular bodies within each family.
In §4 we extend the local linear stability analysis of Garrett & Peake to investigate the effect of increasing eccentricity on the convective instability of prolate spheroids rotating in otherwise still fluids. Results are presented at latitudes of 10 • and 60 • .
Unfortunately there are no other existing experimental or theoretical studies of rotating-spheroid boundary layers and we are therefore unable to verify our results directly. However, our formulation is consistent with existing investigations into the rotating-sphere boundary layer and we find favorable comparisons between those and our results when appropriate parameter values are used. Such comparisons are discussed in §5 where our conclusions are stated.
Formulation
We now formulate the steady laminar-flow equations for both spheroid families rotating in an otherwise still fluid, using a distinct coordinate system for each type. In particular, for the prolate spheroid we use a prolate spheroidal coordinate system defined by its relation to cartesian coordinates as
where 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π . For the oblate spheroid we use an oblate spheroidal coordinate system defined as
where 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π . Both coordinate systems are based on those discussed by Morse [14] but with slight modifications to fit our problem. It has been confirmed that an orthogonal coordinate system (η , θ, φ) is formed in both cases.
In each case a cartesian frame of reference is used which is fixed in space and has an origin located at the center of the body. The spheroid rotates with constant angular velocity about the zaxis. The quantity η is then the dimensional normal distance from the origin of the coordinate system at a particular latitude θ and azimuth φ. The nose of the spheroid is defined at θ = 0 • . Further, d is the dimensional distance of each focus from the center of the body. The coordinate system in both cases reduces to the spherical polar coordinate system when d is set to zero. It should also be noted that the corresponding Navier-Stokes equations for both coordinate systems also reduce to those in spherical polar coordinates for d = 0 (although these are not stated here).
We introduce the relation η = d cosh µ, where cosh µ = 1/e and e ∈ [0, 1] is the constant eccentricity of the ellipse made by the particular spheroid under consideration.
If the surface of a spheroid is defined by η = η 0 , then for a prolate spheroid the local radius is given by
The length of the semi-minor axis (the radius of the largest crosssectional circle through the spheroid) can be obtained from (1) at
Similarly, the local radius of the rotating oblate spheroid is given by
and the length of the semi-major axis is
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The laminar-flow equations
The full dimensional Navier-Stokes equations are easily transformed to either coordinate system and we apply Prantle's boundary-layer assumptions to obtain the dimensional boundarylayer equations. These determine the laminar boundary-layer flow over both types of rotating spheroid in otherwise still fluid.
In order to non-dimensionalize the resulting equations we follow Garrett & Peake by introducing the following nondimensional quantities for both families
Here U(η, θ; e), V (η, θ; e) and W (η, θ; e) are the nondimensional velocities in the θ, φ and η directions respectively; a = a P,O is the maximum cross-sectional radius of the body defined separately for each spheroid by equation (2) or (3); Ω is the angular velocity of rotation and ν is the coefficient of kinematic viscosity. Further, η is the non-dimensional distance in the normal direction from the surface of the spheroid. It is non-dimensionalized on the boundary-layer
Since we are considering spheroids that rotate within otherwise still fluids, the mean pressure P is constant and can be neglected. For the prolate family, the resulting laminar-flow equations are
and for the oblate family
1 − e 2 ∂W ∂η
We note that in both cases the limit e = 0 reduces the laminarflow equations to those for the rotating sphere. The boundary conditions in both cases are given by
These represent the non-slip boundary condition on the body surface and the quiescent fluid condition at the edge of the boundary layer.
Series solution of the laminar-flow equations
In order to solve equations (5)- (7) at particular latitudes for a given eccentricity (as required by the local stability analysis presented in §4), a series expansion solution in powers of θ is sought of the form
Here F n , G n and H n are functions of the non-dimensional variable η and parameter e, and n = 1, 3, 5, . . .. This is consistent with the series solution originally proposed by Howarth and Banks where e = 0. The boundary conditions (11)- (12) can then be written as
After substituting the above series expansions into equations (5)- (7) we obtain a set of non-linear ODEs, stated in Appendix A as equations (16)-(27). Similar expressions are obtained for the oblate family but these are not given here.
It is interesting to note that the leading order equations (16), (20) & (24) give the von Kármán equations in a fixed frame of reference. We therefore see that the flow close to the nose of the rotating prolate spheroid is very similar to that over the rotating disk. This is to be expected as the spheroid is locally flat in that region.
The solution of equations (16)-(27) subject to conditions (13)- (14) represents a two-point boundary value problem which is solved using a shooting method that incorporates a fourth order Runge-Kutta integrator over a suitably large domain. To decide upon the domain size that accurately approximates infinity, the shooting method was used over a variety of domain sizes until the solution converged. A domain of integration between η = 0 to 20 was found to be sufficiently large for all θ and e.
If we exclude the equatorial region (close to θ = 90 • ), we find that the series solutions are everywhere convergent for all values of e. However, it is clear that the series solution will become increasingly inaccurate as the latitude increases and we will limit the analysis to latitudes below θ = 60 • . Indeed, Garrett [8] reports a large discrepancy between the series and numerical solutions beyond this latitude for the rotating sphere.
As a check of our numerics we note that the same values as Garrett and Banks were obtained for the first four quantities of F n (0), G n (0), H n (∞) when e = 0 (note that a prime denotes differentiation with respect to η).
Figures 1 & 2 demonstrate the effect of changing eccentricity at two different locations over a rotating prolate spheroid. At θ = 10 • , when increasing e from 0 (the sphere) we find that there is almost negligible effect on the latitudinal and azimuthal velocities. However, the normal velocity shows a slight change in that the inflow is reduced from that for sphere. Further over the body (at θ = 60 • for example) the variation in flow profile is more pronounced, although still manifests mostly in the normal velocity component. Similarly, Figures 3 & 4 demonstrate the effect of changing eccentricity at the two locations on a rotating oblate spheroid (although the series solution is not detailed here). At θ = 10 • , we see similar behavior to the prolate spheroid in that the normal inflow is reduced. However, this is much more pronounced and is due to e appearing in the leading-order terms of the series expansions. At θ = 60 • , the behavior is significantly different to the prolate spheroid in that the normal inflow is increased and is less pronounced in magnitude. Note also the direction of arrows in each case. The stability analysis is conducted locally at points over the rotating prolate spheroid body. The governing equations are formed by perturbing the laminar flow with the normal-mode quantities
+ iγ i are complex quantities. In contrast, β is real to ensure periodicity around the azimuth of the spheroid.
The perturbed-flow variables are substituted into the dimensional Navier-Stokes equations to form the dimensional perturbation equations. These are non-dimensionalized on the typical length, velocity, time and pressure scales: δ , a Ω , δ /a Ω and ρ (a Ω ) 2 respectively. Here ρ is the fluid density and a = a P , given by equation (2) . The laminar-flow quantities are non-dimensionalized as in (4) .
The resulting non-dimensional equations are linearized by neglecting O(R −2 ) terms, where R = δ a Ω /ν is the Reynolds number. Further, factors 1/(1 + √ 1 − e 2 η/R) appear multiplying terms in the perturbation equations which are set to unity in an approximation similar to the parallel-flow approximation. This approximation limits the analysis to a local analysis at each value of θ and its validity will be discussed in §5.
The perturbation equations can be written as a set of six firstorder ordinary differential equations using the transformed variables φ 1 (η, α, β, γ; θ, R, e) =α 1 u + βv, φ 2 (η, α, β, γ; θ, R, e) =α 1 u + βv , φ 3 (η, α, β, γ; θ, R, e) =w, φ 4 (η, α, β, γ; θ, R, e) =p, φ 5 (η, α, β, γ; θ, R, e) =α 1 v − βu, φ 6 (η, α, β, γ; θ, R, e) =α 1 v − βu , and are stated as equations (28)-(33) in Appendix B, where α 1 is also defined.
Note that the subscripts v and s in equations (28)-(33) indicate which of the O(R −1 ) terms arise from viscous and streamline-curvature effects respectively. Coriolis terms do not appear since a fixed frame of reference is used. By neglecting the O(R −1 ) streamline-curvature terms we obtain the OrrSommerfeld equations for the rotating prolate spheroid (not shown here). Further, neglecting both streamline-curvature and viscous terms leads to Rayleigh's equation (not shown here).
We note that in the particular case of e = 0 the perturbation equations reduce to those derived by Garrett & Peake [8] [9] [10] for the rotating sphere.
The convective instability analysis
In this investigation we suppose that the flow is not absolutely unstable, so that in the Briggs-Bers procedure [15, 16] we can reduce the imaginary part of the frequency to zero and proceed with a spatial analysis. We solve the eigenvalue problem defined by (28)-(33) with the homogeneous boundary conditions
where i = 1, 2 . . . 6. The numerical techniques used here are an extension of those used by Garrett and Lingwood in their analyses of the rotating sphere and disk. In particular, for a body defined by eccentricity e, the problem is solved for certain combinations of α, β and γ at each R, and for a particular latitude θ. From this we form the dispersion relation, D(α, β, γ; R, θ, e) = 0 at each θ, with the aim of studying the occurrence of convective instabilities. This allows an investigation into the spatial branches before we study their pinching in an absolute instability analysis (to be published separately). In each investigation, spatial branches are calculated using a double-precision fixed-stepsize, fourth order Runge-Kutta integrator with Gram-Schmit orthonormalization, and a Newton-Raphson linear search procedure.
Following Garrett & Peake, we make the a priori assumption that spiral vortices rotate with the spheroid surface. This follows experimental observations of transition over the rotating sphere at latitudes θ ≤ 60 • and is assumed to be the case for the prolate spheroid where e > 0. As the non-dimensional speed of the surface of the prolate spheroid is sin θ, stationary vortices can be modeled by equating this with the disturbance phase velocity in the same direction, γ r /β, leading to γ r = β sin θ.
Spatial branch have been calculated at θ = 10 • and 60 • for e = 0, 0.1, 0.3 & 0.6. As with Garrett & Peake, two spatial branches were found to determine the convective instability characteristics at all latitudes and Reynolds numbers. These arise from crossflow (type I) and streamline-curvature (type II) effects. The branches are not shown here, but the interested reader is referred to publication [9] for a detailed description when e = 0. Neutral curves in the (R, α r )-plane are shown in Figure 5 for each parameter set considered. At θ = 10 • for all values of e and at θ = 60 • for e < 0.6, the branches lead to a neutral curve with the two-lobed structure familiar from studies of the rotating sphere at these latitudes. However, at θ = 60 • when e = 0.6, the streamline-curvature branch does not lead to a region of convective instability and a single-lobed region is found (this is evident in Figure 6 ). This is physically sensible as increased eccentricity would tend to reduce the curvature at high latitudes. At θ = 10 • it is clear that the effect of increasing eccentricity is negligible. Looking at the results in detail, we find that the critical Reynolds number of the upper and lower lobes (type I and type II respectively) decrease very slightly. At low latitudes we therefore conclude that increasing eccentricity has a very slight destabilizing effect on the convective instability. At this latitude the neutral curve for e = 0 is exactly that calculated by Garrett & Peake for the rotating sphere. Furthermore, when expressed in terms of an appropriate Reynolds number, the neutral curve is very similar to that for convective instability of the rotating-disk boundary layer (due to Malik [6] and Lingwood [7] ). As discussed in §3, the laminar flow close to the nose is similar to that over the rotating disk and the agreement in the stability characteristics is confirmation of our analysis.
At θ = 60 • the critical Reynolds number of the type I mode is seen to decrease slightly with e (consistent with behavior at lower latitudes). However, it is important to note that the upper branch of the neutral curve is lowered, thereby reducing the region of convective instability. We note that the neutral curve at this latitude for e = 0 is different to that calculated by Garrett & Peake, and this is due to the use of the series solution for the laminar flow. They consider the stability of laminar flows obtained from a numerical solution of the laminar-flow equations which are significantly more accurate for large θ than the series solution. Our findings are therefore consistent with Garrett's [8] comments that the series-solution profiles significantly deviate from the numerical solutions as one moves further over the body.
As mentioned in §1, we are unaware of any experimental investigations into the flows considered here. This means that we are currently unable to compare our results with experiments. However, we have found that our results are consistent with similar analyses of the rotating disk and sphere and the interested reader is referred to publications [6] [7] [8] [9] [10] for a discussion of how these results compare with experiments.
Conclusion
In this paper we have formulated the laminar-flow equations for the boundary-layer flow over two families of rotating spheroid in a way consistent with existing analyses of the rotating sphere. We then proceeded to solve these equations using a series-solution method due to Banks and conducted a convective instability analysis at a low and high latitudes on a rotating prolate spheroid. This investigation is to be considered preliminary for two reasons: 1) the series solution is known to loose accuracy as the latitude is increased and 2) instability analyses were only conducted at two latitudes and over a limited range of eccentricities.
Work is currently underway on an accurate numerical solution of the governing laminar-flow equations and convective stability analyses will be conducted on these flows at numerous places over the spheroid for the entire range of eccentricity. In addition, the absolute instability of the boundary-layer flow will be conducted and both stability analyses extended to include the oblate spheroid. These studies will be published at a later date. The differences in laminar-flow behavior noted in §3 are likely to have significant implications for the stability of the oblatespheroid flow.
The results of our preliminary analysis have shown that the laminar-flow profiles and convective instability of the flow at low latitudes are reasonably insensitive to the eccentricity of the body. In particular, the analysis was conducted at a latitude of 10 • and increasing e led to a slight reduction in the critical Reynolds numbers of the type I and type II instability modes. The upper and lower branches showed asymptotic behavior unchanged with e.
At a latitude of 60 • the stability characteristics are more sensitive to e. Although the critical Reynolds number for the onset of the type I mode was reasonably insensitive to increased e, the type II mode was removed between e = 0.3 and 0.6. Furthermore, the upper branch asymptotic behavior was significantly changed with increased e.
Unfortunately, no other experimental or theoretical studies exist on the flows considered here; we are therefore unable to confirm our results. However, we note that e = 0 corresponds to the rotating sphere and also that the laminar flows reduce to those of the rotating disk when close to the pole. When setting e = 0 we obtain agreement with Garrett & Peake's convectiveinstability results of the rotating sphere at a latitude of 10 • , but a significant difference is observed at a latitude of 60 • . However, this is due to the use of a series solution for the laminar-flow profiles and is consistent with Garrett's comments on his comparison between the series and numerical solutions. At a latitude of 10 • , the results compare well with those of the rotating disk due to Malik and Lingwood. We take these comparisons to be encouraging.
In the derivations of the governing equations, factors 1/(1 + √ 1 − e 2 η/R) that multiplied terms in the perturbation equations have been replaced by unity. This approximation is similar to the parallel-flow approximation found in many other boundarylayer investigations. As discussed by Garrett & Peake (in the case that e = 0), the thickening of the boundary layer, together with the fact that the critical Reynolds numbers decrease with latitude, means that the approximation is less valid for higher latitudes. However, increasing e acts to counteract this slightly, and the approximation is more valid for higher eccentricities and low latitudes. In any event, it is the authors' opinion that any inaccuracies introduced through this assumption are not sufficiently large to affect the conclusions of this work.
A number of issues remain. In addition to the current work in progress stated above, experiments are required to validate the predictions of the analysis. Although the analysis is easily amended to cope with non-stationary disturbances, the results presented here are based on the assumption that the vortices are stationary (as for the rotating sphere) and this needs to be confirmed. Experiments could also measure the number of vortices and vortex angle which are easily calculated for comparison and verification of our analysis. Further, the asymptotic behavior of the upper branches of the neutral curves at high latitudes is particularly interesting and this behavior should be verified with rigorous asymptotic analyses, much like those used on the rotatingcone boundary layer by Garrett, Hussain & Stephen [17] . Agreement would act as verification of the parallel-flow assumption used in these numerics.
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Appendix A: Series-solution ODEs
F 2 1 + H 1 F 1 − G 2 1 = F 1(16)
